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Abstract
In this note strongly regular graphs with new parameters are constructed using nested “blown
up” quadrics in projective spaces. c© 2002 Elsevier Science B.V. All rights reserved.
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1. A construction of A.E. Brouwer
A graph with v vertices is strongly regular with parameters (v; k; ; ) if it is regular
with valency k and if the number of vertices joined to two given adjacent vertices is 
and the number of vertices joined to two given non-adjacent vertices is . For general
background and motivation for strongly regular graphs see [2,4].
Suppose in the =nite projective space PG(n; q) of dimension n over the =nite =eld
GF(q) there exists a set K of points such that every hyperplane of PG(n; q) contains
either h or h′ points of K. Then it is well known that a strongly regular graph G
may be obtained from K as follows (see [4]). Embed PG(n; q) in PG(n + 1; q). The
vertices of G are the points of PG(n+ 1; q)− PG(n; q), and two vertices are adjacent
if and only if the line joining them meets PG(n; q) in a point of K.
In [1], Brouwer constructed sets of points in projective spaces with two intersection
numbers with respect to hyperplanes, and so strongly regular graphs, as follows.
Suppose Q−(2n−1; qm) is a non-degenerate elliptic quadric in PG(2n−1; qm); n¿2;
m¿2, with quadratic form Q [6]. Let TrGF(qm)→GF(q) be the usual trace map from
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GF(qm) to GF(q). The underlying vector space V (2n; qm) of PG(2n− 1; qm) may also
be considered as a 2mn-dimensional vector space V (2mn; q) over GF(q), to which there
is a corresponding projective space PG(2mn − 1; q). It is well known that the func-
tion TrGF(qm)→GF(q) ◦Q is then a non-degenerate elliptic quadratic form on PG(2mn−
1; q), the zeros of which are an elliptic quadric Q−(2mn − 1; q). Furthermore, since
Q(x)=0 for every x∈Q−(2n − 1; qm) it follows that (TrGF(qm)→GF(q) ◦Q)(x)=0 for
every x∈Q−(2n−1; qm). Hence, the points of Q−(2n−1; qm) considered as subspaces
in PG(2mn− 1; q) are subspaces of Q−(2nm− 1; q). Brouwer then obtains a set with
two intersection numbers with respect to hyperplanes in PG(2nm− 1; q) by taking the
di$erence Q−(2nm− 1; q)− Q−(2n− 1; qm) in PG(2nm− 1; q).
2. A generalisation of Brouwer’s construction
There are some interesting points to note about Brouwer’s construction. The quadric
Q−(2nm − 1; q) de=nes a polarity  in PG(2mn − 1; q) in the usual way [6]. For a
point P, the size |P ∩Q−(2nm− 1; q)| is then either
e=
q2mn−2 − 1
q− 1 or e
′=e − qmn−1
when P ∈Q−(2nm− 1; q) or P ∈Q−(2nm− 1; q), respectively.
Similarly, |P ∩Q−(2n − 1; qm)| (with Q−(2n − 1; qm) considered as a point set in
PG(2mn− 1; q)) is either
b=
(qmn − 1)(qmn−1 + 1)
q− 1 or b
′=b− qmn−1
when P ∈Q−(2n− 1; qm) or P ∈Q−(2n− 1; qm), respectively.
The intersection sizes with respect to hyperplanes with the setK=Q−(2nm−1; q)−
Q−(2n − 1; qm) then follow immediately. If a point P is in neither quadric, then P
contains e− b points of K. If P is in Q−(2n− 1; qm) (and so Q−(2nm− 1; q)), then
P meets K in e′ − b′=e − b points. And if P ∈Q−(2nm − 1; q) − Q−(2n − 1; qm),
then P meets K in e′ − b=e− b− qnm−1 points. Hence, every hyperplane meets the
set in e − b or e − b− qnm−1 points.
We now use these facts to construct new sets with two intersection numbers with
respect to hyperplanes.
Suppose pi is some divisor of m. As before take a non-degenerate elliptic quadric
Q−(2n− 1; qm) in PG(2n− 1; qm) with quadratic form Q. The underlying vector space
V (2n; qm) of PG(2n− 1; qm) may then be considered as a vector space V (2nm=pi; qpi)
of dimension 2nm=pi over GF(qpi). And as before a non-degenerate elliptic quadric
Qi=Q−(2nm=pi−1; qpi) can be constructed in PG(2nm=pi−1; qpi) using the quadratic
form TrGF(qm)→GF(qpi ) ◦Q. In PG(2mn − 1; q) we construct the quadric Q1 with form
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TrGF(qm)→GF(q) ◦Q. Considering the points of Qi as subspaces in PG(2mn− 1; q), then
Qi is a subset of Q1. Furthermore, suppose we have l integers, 1=p1; p2; : : : ; pl,
such that pi divides pi+1 for every i∈{1; : : : ; l − 1}, and pl divides m. Then in
PG(2mn−1; q) it follows immediately that Ql⊂Ql−1⊂ · · · ⊂Q1. Also, for each quadric
Qi, the hyperplane P of PG(2mn− 1; q) contains either
ei=
(qmn−pi − 1)(qmn−1 + 1)
q− 1 or e
′
i=ei − qmn−1
points of Qi as P ∈Qi or P ∈Qi, respectively. Note that as a point set in PG(2mn−1; q)
the quadric Qi has size
ki=
(qmn−pi − 1)(qmn + 1)
q− 1 :
In the following theorem we take di$erences of these quadrics to obtain new sets with
two intersections sizes with respect to hyperplanes.
Theorem 1. Let m; n¿2 be positive integers and suppose there exist l distinct inte-
gers 1=p1; p2; : : : ; pl, such that pi divides pi+1 for every i∈{1; : : : ; l − 1}, and pl
divides m. Then there exists a set of size k with two intersection numbers h and h′
in PG(2nm− 1; q) with h′=h− qmn−1 and h as follows:
(i) if l is even, then h=el − el−1 + el−2 − el−3 + · · · + e2 − e1 and k=kl − kl−1 +
kl−2 − kl−3 + · · ·+ k2 − k1,
(ii) if l is odd, then h=el− el−1 + el−2− el−3 + · · ·+ e3− e2 + e1 and k=kl− kl−1 +
kl−2 − kl−3 + · · ·+ k3 − k2 + k1 with ei and ki as above.
Proof. We use the notation as given prior to the statement of the theorem.
(i) For l even, take the set K=(Ql − Ql−1)∪ (Ql−2 − Ql−3)∪ · · · ∪ (Q2 − Q1).
If P ∈Qi for every i=1; : : : ; l, then it follows immediately that P meets K in
el − el−1 + el−2 − el−3 + · · ·+ e2 − e1 points.
Suppose P ∈Qi and P ∈Qi−1 for some (unique) i∈{2; : : : ; l}. Then P meets each
Qj in ej points for j∈{1; : : : ; i − 1}, and e′j=ej − qmn−1 points for j∈{i; : : : ; l}. If i
is even, P meets K in ((el − qmn−1) − (el−1 − qmn−1)) + · · · + ((ei+2 − qmn−1) −
(ei+1 − qmn−1)) + ((ei − qmn−1)− ei−1) + (ei−2 − ei−3) + · · ·+ (e2 − e1)=el − el−1 +
el−2 − el−3 · · ·+ e2 − e1 − qmn−1. For i odd, P meets K in ((el − qmn−1)− (el−1 −
qmn−1)) + · · ·+ ((ei+3 − qmn−1)− (ei+2 − qmn−1)) + ((ei+1 − qmn−1)− (ei − qmn−1)) +
(ei−1 − ei−2) + · · ·+ (e2 − e1)=el − el−1 + el−2 − el−3 + · · ·+ e2 − e1.
(ii) For l odd, take the set K=(Ql−Ql−1)∪ (Ql−2−Ql−3)∪ · · · ∪ (Q3−Q2)∪Q1.
The proof follows as in (i).
If instead of using non-degenerate elliptic quadrics we use di$erences of non-degene-
rate hyperbolic quadrics essentially the same result may be proved. Take a non-
degenerate hyperbolic quadric Q+(2n − 1; qm) in PG(2n − 1; qm) with quadratic
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form Q. Again, suppose pi is some divisor of m, and that Qi=Q+(2nm=pi−1; qpi) is the
non-degenerate hyperbolic quadric in PG(2nm=pi − 1; qpi) with quadratic form
TrGF(qm)→GF(qpi ) ◦Q. Then a hyperplane P of PG(2mn− 1; q) contains either
hi=
(qmn−1 − 1)(qmn−pi + 1)
q− 1 or h
′
i=hi + q
mn−1
points of Qi when P ∈Qi or P ∈Qi, respectively. And as a point set in PG(2mn−1; q)
the quadric Qi has size
k ′i =
(qmn − 1)(qmn−pi + 1)
q− 1 :
As before assume we have l integers, 1=p1; p2; : : : ; pl, such that pi divides pi+1
for every i∈{1; : : : ; l − 1}, and pl divides m. Then it follows immediately that in
PG(2mn−1; q) Ql⊂Ql−1⊂ · · · ⊂Q1. Taking di$erences as in the proof of the previous
theorem gives the following.
Theorem 2. Let m¿2 and n¿1 be positive integers and suppose there exist l distinct
integers 1=p1; p2; : : : ; pl, such that pi divides pi+1 for every i∈{1; : : : ; l − 1}, and
pl divides m. Then there exists a set of size k with two intersection numbers h and
h′ in PG(2nm− 1; q) with h′=h+ qmn−1 and h as follows:
(i) if l is even, then h=hl − hl−1 + hl−2 − hl−3 + · · ·+ h2 − h1 and k=k ′l − k ′l−1 +
k ′l−2 − k ′l−3 + · · ·+ k ′2 − k ′1,
(ii) if l is odd, then h=hl−hl−1 +hl−2−hl−3 + · · ·+h3−h2 +h1 and k=k ′l − k ′l−1 +
k ′l−2 − k ′l−3 + · · ·+ k ′3 − k ′2 + k ′1 with hi and k ′i as above.
Proof. As in the elliptic case.
3. Conclusions
Given a set of size k with intersection sizes h and h′ with respect to hyper-
planes in PG(2nm − 1; q) the parameters of the associated strongly regular graphs
are readily calculated (see for instance [4]) as having v=q2mn
vertices, K=k(q− 1) vertices adjacent to any given vertex, =K2 +3K − q(2k− 2h+
qmn−1)−Kq(2k−2h+qmn−1)+q2(k−h)(k−h′) vertices adjacent to any adjacent pair
of vertices, and =q2(k−h)(k−h′)=q2nm vertices adjacent to any non adjacent pair of
vertices.
In both the theorems, the cases l=2; p1=1 and pl=m correspond to Brouwer’s
construction.
In the case that q is even, the graphs constructed by Theorem 1 were =rst found
in [5]. The method of construction there worked for both q even and q odd, but relied
upon being able to =nd m-systems of certain polar spaces nested within each other.
Some classes of these nested m-systems were constructed using spreads of elliptic
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quadrics for q even, corresponding exactly to those graphs constructed for q even in
Theorem 1. But no such spreads were known for q odd.
The smallest case that Theorem 1 gives graphs not given by Brouwer’s construction
is in PG(15; 2). In this case l=3, and we have p1=1; p2=2 and p3=4. This corre-
sponds to considering the quadrics Q−(7; 4) and Q−(3; 16) as subsets of the quadric
Q−(15; 2) and taking the set (Q−(15; 2)−Q−(7; 4))∪Q−(3; 16). This gives a strongly
regular graph with (v; K; ; )=(216; 20303; 6222; 6320). As far as the author is aware
these are previously unknown parameters. Certainly they are not known to Brouwer’s
DRG program which maintains a list of parameters known to exist. As far as the au-
thor is aware, apart from the cases of the theorems that give Brouwer’s construction,
and the m-system construction in [5] the parameters of the strongly regular graphs of
Theorem 1 are new.
The case of di$erences of hyperbolic quadrics gives strongly regular graphs with
known parameters. A spread of PG(2n − 1; q) is a set of pairwise disjoint projective
spaces of dimension n that partition the points of the space [3]. Spreads exist for all
positive integers n, and q a prime power. It is easily shown that taking the set of points
of a subset of a spread gives a set with two intersections with respect to hyperplanes.
The parameters of the graphs from Theorem 2 are the same as some of those arising
from partial spreads of PG(2n− 1; q). However, it is not clear whether the graphs are
isomorphic or not.
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